A new universality of Lyapunov spectra {λ i } is shown for Hamiltonian systems. The universality appears in middle energy regime and is different from another universality which can be reproduced by random matrices in the following two points. One is that the new universality appears in a limited range of large i/N rather than the whole range, where N is degrees of freedom. The other is Lyapunov spectra do not behave linearly while random matrices give linear behaviour even on 3D lattice. Quadratic terms with smaller nonlinear terms of potential functions play an intrinsic role in the new universality.
Introduction
In the last a few decades Hamiltonian systems with many degrees of freedom are well investigated by the method of numerical experiments. These are interesting as a foundation of statistical mechanics and at the same time they have unsolved problems of dynamics. The former mainly concern with ergodic property originating in Fermi-Pasta-Ulam problem [1] [2] [3] . The latter, dynamical problems are as follows: dynamical properties of phase transition [4] [5] , transition from nearly integrable systems to stronger chaotic ones [6] [7] , structure of phase spaces and so on.
Here let us focus on dynamical problems, in particular structure of phase space, of Hamiltonian systems. To understand structure of phase space visualization is a powerful method and the Poincaré mapping is one of the tools. However, in systems with many degrees of freedom (more than two), Poincaré mappings also have many degrees of freedom and visualization becomes to be difficult.
Lyapunov spectrum is a useful tool to study structure of phase space for systems with many degrees of freedom. Lyapunov spectrum is a set of Lyapunov exponents {λ i } (i = 1, 2, · · · , D), where D is dimension of phase space and the exponents are put in order as λ i ≥ λ i+1 . Summations of λ i up to n, n i=1 λ i , indicate linear instabilities of n-dimensional 1 e-mail: yamaguchi@allegro.phys.nagoya-u.ac.jp volume element V n in phase space along a sample orbit. Namely, V n diverges or converges as
where t represents time. In Hamiltonian systems with N degrees of freedom, there exist 2N Lyapunov exponents and they have the following relation induced by symplectic properties
Hence we have only to observe the first half of Lyapunov spectrum when we consider Hamiltonian systems. Details of Lyapunov spectrum are reviewed in Ref. [8] and references therein. Structures of phase spaces are discussed with the use of Lyapunov spectra both in dissipative systems [9] [10] and Hamiltonian systems [7] [11].
We are interested in universal structures of phase space in Hamiltonian systems, and we have two ways to get the universal structures. One is analytical methods, the other is an approach using universality of Lyapunov spectra. The former and the latter ways are successful in nearly integrable systems and in fully developed chaotic systems respectively. Let us review these two classes of systems.
In nearly integrable systems universal structure of phase spaces are found with the aid of Kolmogorov-Arnold-Moser (KAM) theorem [12] . The theorem states that most of tori, which integrable systems consist of, survive small perturbations added for the integrable systems. Such surviving tori are called KAM tori, and phase spaces of Hamiltonian systems with small perturbations consist of KAM tori and chaotic sea. In these systems universality of Lyapunov spectra have not been found.
An universality of Lyapunov spectra L(i/N) is reported in fully developed chaotic systems, which are describing 1-dimensional chains of nonlinear oscillators [13] . Here we introduced a function L(i/N) = λ i to describe the form of Lyapunov spectrum. The universality gives linear behaviour of L(i/N). We get an universal structure of phase spaces when we can understand the origin of the universality of Lyapunov spectra, because the universality of Lyapunov spectra must reflect universal structure of phase spaces. By using random matrices the universality of Lyapunov spectra is reproduced [14] [13] , hence the cause of the universality is random motion of each particle with temporal δ-correlation. Since each particle moves at random, we can assume that fully developed chaotic systems have no structures, and the systems are out of our interests.
In this paper, we adopt an approach using universality of Lyapunov spectra to get an unknown universal structure of phase spaces. Hence we are interested in a new universality of Lyapunov spectra which appears in neither nearly integrable nor fully developed chaotic systems. These systems have some unsolved problems and show interesting phenomena, for instance, second order phase transition near the critical point [15] . We numerically show (1) there exists a new universality of Lyapunov spectra which does not behave linearly, (2) the new universality appears in neither nearly integrable systems nor fully developed chaotic systems although it also appears in nearly integrable systems, and (3) the new universality is caused by harmonic motions with smaller nonlinearity in high dimensional subspaces of phase spaces. Models investigated in this paper describe nonlinear oscillators with nearest neighbour interactions. Each oscillator is on a lattice point of 3-dimensional simple cubic lattice. This paper is constructed as follows. We introduce five models in Sec.2. The five systems are used to confirm the new universality of Lyapunov spectra appears in a wide class of Hamiltonian systems. We show Lyapunov spectra produced by the method of random matrices in Sec.3 to confirm that Lyapunov spectra L(i/N) are linear for fully developed chaotic systems even in systems on 3-dimensional lattice. In Sec.4, we show Lyapunov spectra for four of the five systems, and that the Lyapunov spectra have an universal form which is independent from values of energy and details of models. Lyapunov spectra for the other model are shown in Sec.5, then we show that quadratic terms with smaller higher terms of potentials play an intrinsic role for the new universality. Section 6 is devoted to summary and discussions.
Models
We introduce five model Hamiltonians, which describe nonlinear oscillators on 3-dimensional simple cubic lattice with nearest neighbour interactions. We set boundary condition as periodic. All of them consist of kinetic and potential parts,
where we set the same form of the kinetic term for all the systems as follows
and N is degrees of freedom. Namely N = L 3 where L is the linear size of the lattice. One of the models is called XY model and expressed as follows
where summation <ij> takes over all pairs of nearest neighbour lattice points i and j.
The following three systems are expressed as
where potential function V (q) for individual oscillator is different in the three systems. In Double Well (DW) model
in Single Well (SW) model
and in Lorentzian (LO) model
The last one has interactions of FPU-β type (3DFPU)
Numerical integrations of Hamiltonian equations of motion,
are performed by fourth order symplectic integrator with fixed time slice ∆t = 0.01. Accuracy of total energy is ∆E/E ∼ O((∆t) 4 ) where ∆E and E are error and initial value of total energy, respectively.
Lyapunov spectra by the method of random matrices
As we mentioned in the Introduction, Lyapunov spectra L(i/N) are linear in systems describing 1-dimensional chain of nonlinear oscillators when we use random matrices to calculate Lyapunov spectra. We confirm that the linearity holds even in systems on 3-dimensional lattices. At first we introduce how we calculate Lyapunov spectra with random matrices. Next we show Lyapunov spectra, which are linear. Lyapunov spectra indicate linear instability of a sample orbit, hence they are calculated from linearized equations of motion,
where (δq, δp) is a tangent vector, 1 N is the unit matrix of N × N, and (i, j) element of the matrix A(q) is
Here we used the form of our Hamiltonians, equations (3) and (4). Temporal evolutions of the matrix A(q) are determined by temporal evolutions of q(t), which follows equations of motions, equation (11) .
In the method of random matrices, we assume that q j (t)'s are random variables with δ-correlations. That is, correlation function between q i (t) and q j (t) is represented as follows
We take random variables from uniform distributions, and ranges of q j (t)'s are [0, 2π) for XY model, and [−3, 3] for DW and SW models. Lyapunov spectra are shown in figure 1, and they behave linearly. Consequently Markovian random motions of q(t) get Lyapunov spectra linear even in systems on 3-dimensional lattices as the case of 1-dimensional lattices. 
A New Universality of Lyapunov spectra
In this section we show a new universality of Lyapunov spectra and that the new universality appears in neither fully developed chaotic systems nor nearly integrable systems only. This section is constructed from the following five steps. In figure 2 (a) we show Lyapunov spectra of XY model for three values of energy. We set degrees of freedom as N = 10 3 . Lyapunov spectra are not in agreement, but the forms seem similar in a range of large i/N except for magnitude of the vertical axis.
Let us note that important properties of Lyapunov spectra are ratios between exponents λ i rather than absolute values when we consider the forms of L(i/N) because absolute values are changed by scale of time. That is, Lyapunov exponent λ i becomes γλ i when we take t/γ instead of t. Hence we may uniformly scale Lyapunov exponents from λ i to γλ i , where γ may be arbitrarily selected for each energy density E/N.
In figure 2 (b) scaled Lyapunov spectra for XY model are shown and they are in well agreement with each other. Scale factors γ are arranged in table 3. The agreement is found in the range 0.4 < ∼ i/N ≤ 1 while the straight line approximates the Lyapunov spectra only in 0.7 < ∼ i/N ≤ 1. Hence the Lyapunov spectra are different from ones produced by using random matrices. We remark Lyapunov spectra are approximated by logarithmic curve rather than straight line. Table 3 . In (b) two solid curves are described. One is a straight line, the other is a logarithmic curve. The straight line corresponds to Lyapunov spectrum obtained by using random matrices with delta correlation. Lyapunov spectra are approximated by logarithmic curve rather than straight line.
We confirm that Lyapunov spectra are not affected by changing degrees of freedom N. respectively. Lyapunov spectra are in well agreement between N = 4 3 and 10 3 for each energy and we have confirmed that forms of Lyapunov spectra do not change even when degrees of freedom change.
Moreover, since the thermodynamic limits of Lyapunov spectra exist [16] [17], we may say that the system reaches the thermodynamic limit even in case of N = 4
3 . Hence we set N = 4 3 hereafter. This fact is important when we consider Hamiltonian systems with 3 and the scale factor γ = 1/1.1 for all values of energy. We find that scaled Lyapunov spectra are independent from change of degrees of freedom. many degrees of freedom as a foundation of statistical mechanics, because we must consider the thermodynamic limit (N → ∞) but N = 4
3 is large enough to calculate Lyapunov spectra of the thermodynamic limit.
We show invariance of forms of Lyapunov spectra for changing values of energy in other three models. Scaled Lyapunov spectra are shown in figure 4 for XY, DW, SW and LO models. Scale factor γ is arranged in table 4. Lyapunov spectra are in well agreement among different energy density E/N in a range of large i/N in middle energy regime in each model. The ranges of i/N where universality appears are roughly estimated and arranged in table 5 .
We remark that the invariance breaks or it is strictly limited in a narrow range of i/N when energy is too high or low, that are E/N = 100 in XY and DW, and E/N = 1.0 in SW. That indicates a limit of the invariance.
Next we compare Lyapunov spectra among the four models. In figure 5 we show four scaled Lyapunov spectra each of which is a representative of each model. Scale factor γ is arranged in table 6. We find that the four spectra coincide well in a range of large i/N (0.4
, that is above mentioned invariance does not depend on details of models. Here we conclude that we discover a new universality of Lyapunov spectra in Hamiltonian system, which is independent from values of energy, details of models and λ i 's with small i/N.
Since Lyapunov spectra are not linear for the new universality, the new universality appears in non-fully developed chaotic systems. Then we expect there exists universal structure in phase space. An universal structure is found in nearly integrable systems. However the new universality appears even in non-nearly integrable systems.
Let us show that KAM tori may not be observed effectively even when the universality appears. We use the fact that linear instability is suppressed around KAM tori since an Table 6 . orbit behaves like a regular orbit, while enhanced in chaotic sea. Hence, in nearly integrable systems, intermittency occurs for local Lyapunov exponent λ 1 defined in temporally local range. The local Lyapunov exponent λ loc 1 (n) is defined as follows.
where X(t) = (δq, δp) is a 2N dimensional tangent vector following to linearized Hamiltonian equations of motion, equation (12) . Figure 6 shows two time series of local Lyapunov exponent for E/N = 1.0 and 3.0 in XY model, both of which yield the new universal Lyapunov spectra. Here N = 10 3 . Intermittency is found for E/N = 1.0 but not for E/N = 3.0. Hence existence of KAM tori is not a common property to the new universality.
The expected universal structure of phase spaces must appear in systems with middle strength of chaos too, which are between nearly integrable and fully developed chaotic systems. To consider the universal structure, let us probe what conditions produce the universality. We study 3DFPU model with various coupling constant k (see equation (10)) and energy density E/N in the next section.
3DFPU model and quadratic interactions
In this section we show Lyapunov spectra for 3DFPU model equation (10) . In each figure of figure 7 coupling constant k is fixed and Lyapunov spectra for E/N = 1.0, 2.0 and 3.0 are shown. Scale factor γ is shown in table 7. The Lyapunov spectra L(i/N) are classified into two classes as shown in figure 8 . One is straight form and the other curved. The straight form is predicted by the method of random matrices and is produced in fully developed chaotic symplectic systems. On the other hand the curved form shows good agreement with Lyapunov spectra of the other four systems (see figure 9 and table 8 ). (2) represent Lyapunov spectra for E/N = 1.0, 2, 0 and 3.0. Scale factor γ is arranged in Table 7 .
The classification of Lyapunov spectra is arranged by k and E/N in table 1. Lyapunov spectra shows curved forms when k is large and E/N is low, that is quadratic terms of potential function is dominant rather than quartic terms. That can be confirmed by taking Figure 9 : Universal behavior of Lyapunov spectra between XY and 3DFPU models. Only curved Lyapunov spectra are shown for 3DFPU model. Lyapunov spectrum of XY is the same as Fig.5 . We find universality of Lyapunov spectra among XY, DW, SW, LO and 3DFPU models from this figure and Fig.5 . Scale factor γ is arranged in Table 8 . Table 1 : Behavior of Lyapunov spectra in 3DFPU model. k and E/N are coupling constant and total energy density, respectively. The sign L means linear behaviour of the Lyapunov spectrum, while the sign C curved behaviour. The curved Lyapunov spectra are good agreement with other four models.
k 
and
The ratios are shown in table 2. We find that the ratio becomes larger as k increases or E/N decreases. That is, the ratio is large when the sign C appears at the corresponding place in table 1. Consequently, to produce the new universality, larger quadratic terms with smaller nonlinear terms play an intrinsic role.
Summary and discussions
In order to consider universal structure of phase spaces, we numerically investigated universality of Lyapunov spectra {λ i } for Hamiltonian systems with many degrees of freedom.
We showed existence of a new universality of Lyapunov spectra. The meaning of universality is that Lyapunov spectra have the same form even when we change values of energy and models. This new universality is different from a known universality, which is explained by using random matrices, in the following two points. That is, the new universality appears (A) in a limited range of large i/N, where N is degrees of freedom, and (B) in neither nonfully developed chaotic nor nearly integrable systems, although it also appears in nearly integrable systems.
From (A) characteristic properties depending on values of energy or details of models appear only in a range of small i/N, where is out of the universality. Hence we have only to focus on the range where universality does not appear when we are interested in the characteristic properties. The fact (B) says that phase spaces have universal structure which is different from the one described by KAM theorem. That is, the new universality is produced from an unknown universal structure of phase spaces.
To understand the universal structure we study what conditions produce the new universality of Lyapunov spectra. We showed that larger quadratic terms with smaller nonlinear terms of potential functions play an intrinsic role to give the new universality. We therefore guess that there exist harmonic motions with smaller nonlinearity in high dimensional subspace of phase space, which corresponds to a range of large i/N where the universality of Lyapunov spectra appears. Roughly speaking, we imagine chaotic sea and wrecks of n-dimensional tori as structure of phase space, where n ≤ N and n may change for each torus. Note n = N means KAM tori.
Let us discuss how harmonic motions are related to universality of Lyapunov spectra from geometrical points. Negative curvature of potential function induces positive Lyapunov exponent. On the other hand, even the curvature is always positive, resonance of instability along a sample orbit gets the largest Lyapunov exponent positive [18] . Here let us assume this resonance theory can be extended not only to the largest Lyapunov exponent but to all the exponents. If the resonances are yielded by harmonic motions in high dimensional subspace of phase space, then universality of Lyapunov spectra may be obtained because harmonic motions are independent from details of models.
Another approach to the origin of the new universality is consideration of decay rate spectrum of harmonic motions. In a dissipative system, behaviour of Lyapunov spectrum agrees with the decay rate spectrum of the linear fluctuation modes from the stationary solution [9] . This suggests that to analyze decay rate spectrum is useful to understand behaviour of Lyapunov spectrum. Hamiltonian systems may be regarded as dissipative systems when we observe only subspaces of phase spaces. Hence the decay rate spectrum must be useful because the new universality appears only in high dimensional subspaces of phase spaces.
Our goal is to understand the unknown universal structure of phase spaces in Hamiltonian systems having middle strength of chaos. For the purpose we must understand the cause of the new universality of Lyapunov spectra. To understand forms of Lyapunov spectra we must consider relations between each Lyapunov exponent since ratios of Lyapunov exponents are important for the forms. They seem to concern global structure of phase spaces. Above mentioned geometrical approach and analyses of decay rate spectra must be useful tools to investigate the global structure. Results obtained by these tools must be checked with the new universality of Lyapunov spectra, which is shown in this paper. The new universality of Lyapunov spectra is an important clue to reveal the global structure.
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